INTRODUCTION
The generalized Hermite polynomials {H(u)} lo"0, given by H() (x) 2 (n+ k D (-)n-k22nn!x2k/k!, k=O and H2n+xl )= L n(1 n -k ) (1)nk22n+ l n! x2k+ l /k! k=O satisfy two differential equations xy" + 2(# -x 2)y + [2(2n)x]y = 0, and xy" + 2( -x2)y-+ [2(2n + l)x -2sx-1]y, resp. [1] . While they form a complete orthogonal set in L2(-oo, oo; IxI2Pe_X2), >-> . The presence of two differential equations precludes the existence of an operator theoretic foundation such as found for the ordinary Hermite polynomials, {H(0)} 0 , found when ,u = 0. This should not be looked on as a failure, however, but as a twofold opportunity. Indeed, both equations are singular, not only at oo, but also at 0, and so an operator theory may be developed separately for each on (0, oo), on which the even and odd degree polynomials each separately form a compete orthogonal set.
It is this theory we wish to develop here not only for ,u > -but also 2' for it < -< Then we wish to further extend it to what are called left-definite
We remark that the polynomials {H,") (x) I ??=, ,u < -I, have been examined in a Krein space [5] , where they also form a complete orthogonal set.
L2 THEORY FOR THE POLYNOMIALS OF EVEN DEGREE
The classic orthogonality condition found in [1] The result is that 1 becomes isomorphic to lu = --(u" -[,u(u -1)X-2 (2, -1) + x2]u) = (2n)u on L2(0, x; 1). Examination of this expression quickly establishes that xc is in the limit point case [2, p. 229] . That is, no boundary condition at xc is required.
Further, the substitution t = x2 transforms the original differential equation into t d tY + (2 + 9-t) dd +ny = 0. Evaluation of the boundary t = 0 is well known for the Laguerre polynomials [4] . The polynomial generating boundary condition is limta+le-tdy = 0. The Laguerre boundary condition is needed (limit-circle case [2] ) when -1 < a < 1. This is equivalent to -I < ,u < 4. This is consistent with dire findings, using the method of Frobenius: Indicial roots at x = 0 are r = 0 and r = 1 -2,u. The first indicial root, 0, generates a solution which is in L2(O, 1; x2kc-X2) when ,u > -. The second root, 1 -2,u, generates a solution which is in L2(O, 1; x2ke-x2 ) when ,u < 4.
With this preliminary information, the even boundary value problem and operator theory is easily described.
2.1. Definition. We denote by De those elements y in L2(O, 00; x21e_X2) which satisfy the following.
(a) y is absolutely continuous on all closed subintervals of (O, o) .
(b) x2Ae-X2y' is absolutely continuous on all closed subintervals of (0 (c) ly = -e(x2-ex2)1(x2kex2yI)' exists almost everywhere and is in L2(O,oo; x2ke x2)
We define the operator L by setting Ly = ly for all y in De.
Theorem. L is selfadjoint in L2(O, x; x2Le_X2) .
This is well known. The verification of this and many other related facts may be found in [2, 10] 2.3. Theorem. The spectrum of L is discrete, consisting of the even integers {2n oo Associated with the eigenvalue 2n is the eigenfunction H2 )(x), n = 0, 1,.. These eigenfunctions form a complete orthogonal set in L2(O, x; x2Le_X2).
Proof. It is sufficient to show that the even generalized Hermite polynomials form a complete orthogonal set. Suppose there is an element z orthogonal to them all. Then j z(x)H(/)(x)x21e-X2dx = 0, n = 0, 1,.... The result is that m becomes isomorphic to iun= -2 (u" -[UCU + l)x2 -(2js + + + X2] u) = (2n + 1)u on L2(0, 00; 1). Examination of this expression quickly establishes that 00 is again in the limit point case [2, p. 229] . That is, no boundary condition at 00 is required.
Further the substitutions t = x2, y = Vtz transform the original differenti equation into t dd t2 + (u+ -t) t +nz=O.
Letting a = ,u + 2, this is d2z dz tteddtr 2 + (1 + a -t)wdet+ nz = 11 the generalized Laguerre equation. As is we SPECTRAL ANALYSIS FOR HERMITE POLYNOMIALS 159 y = H~12n+,(x) = CntL(p+ ) (t)
where C, = (l) n 22n+In!.
Evaluation of the boundary t = 0 is well known for the Laguerre polynomials [4] . The polynomial generating boundary condition is lim t'+le-t dz = O. The Laguerre boundary conditions needed (limit-circle case [2] ) when -1 < a < 1. This is equivalent to -3/2 < ,u < 1/2. This is consistent with the method of Frobenius: Indicial roots at x = 0 are r = 1 and r = -2,u. The first indicial root, 1 , generates a solution which is in L2(0, 1; x22e_X2) when -3/2. The second, -2,u, generates a solution which is in L2(0, 1; x2ie-x ) when ,u < 1/2.
With this preliminary information, the odd boundary value problem and operator theory is easily described.
3.1. Definition. We denote by Do those elements y in L2(0, 00; x2ke_X2)
which satisfy the following.
(a) y is absolutely continuous on all closed subintervals of (0, xc).
(b) x2Le_X2y' is absolutely continuous on all closed subintervals of (0, (c) my = _I (X211e-X2)1-((x2#yty) -2u x2/-2e-X2y) exists a.e. and i L2(o, 00;x2ue-x)2
We define the operator M by setting My = my for all y in Do.
3.2. Theorem. M is selfadjoint in L2(0, x; x22Le-x2).
Proof. Again see [2, 10] .
3.3. Theorem. The spectrum of M is discrete, consisting of the odd integers {2n+ 1 }n=o . Associated with the eigenvalue 2n+ 1 is the eigenfunction H)1 (x), n = 0, 1, . These eigenfunctions form a complete orthogonal set in L2(0 x00; x2ke_X2).
Proof. Comparing the proof of Theorem 2.3, the only change is that z should be extended as an odd function. We consider the Hilbert space L2(-_O, oc; Ix f in that space corresponds to two orthogonal functions
Collapsing the norms of fe and fo onto (0, oo), we have 100 If(x)12 x12e dx = jI f (x) 2x2ex2dx + j Ih(x)I2x2"ex2 dx.
Thus the Hilbert space on (-ox, 00) is isomorphic to the tensor product of L2(0 o00; x2e-X2 ) with itself. We identify with f on (-ox, 00) the vector (fe) , each component defined on (0, x) .
We can define a matrix differential operator P by setting p y( L O ) (Ye ) =(LYe)
The domain of P is clearly those y for which Ye is in De , yo is in Do .
The spectrum of P is discrete, consisting of the nonnegative integers. Eigenvectors for P fall into two classes; {2(H")} , with eigenvalues {2n}0L1, and { (Ha)) } , with eigenvalues {2n + 1}100 . We denote the first set by We define the operator M by setting My = my for all y in Do.
Theorem. M is selfadjoint in L2(O, ox; x2ke_X2).
5.7. Theorem. The spectrum of M is discrete, consisting of {2n -2,u}J00 . As sociated with each eigenvalue 2n -2,u is the eigenfunction x-2AiH(-/') (x), n 0, 1,* .. These eigenvaluesform a complete orthogonal set in L2(0, x; x21ex2). 5.8. Corollary. Let f be any element in L2(0, ox; x2ke_X2) . Let y be in Do. We remark that the transformation y = x-1-2"z leads to the s A.
M. KRALL
LEFT-DEFINITE SPACES
A recent topic of interest has been the setting of the differential operators such as / and m in a Sobolev space generated by the left side of the respective differential equations, hence left-definite spaces. Results in this kind of setting are now fairly well known (see [3, 4, 6, 7, 8, 9] ), and so we merely state the results as they apply to the Hermite operators 1 and m, rather than burden the reader with unnecessary details.
The even problem. We add a constant k > 0 to the operator 1, l = 1+ k, so that 0 is not in the spectrum of lk, and so the Sobolev norm we are about to define will be a genuine norm. Thus for u > -1/2, Y= x(x2eex2)1 ((x2Le-x2y/)' + 2kx2Ie-x2y) iky = (2n + k)y when y = H(") (x) . Recall that there is no boundary condition required at ox. The boundary condition at x = 0 is lim x2Ie-x2y/(x) = 0. We use the integral to define a new inner product and Hilbert (Sobolev) space.
We show that the first, integrated terms vanish at 0 and oo, provided lky and z lie in the new space and y satisfies the boundary condition at 0.
6.1. Definition. We denote by HI (0,0; x2 ex2 kx2kex2)thecomplete inner product space generated by the inner product . 00
(Y, Z)H1 = 2 j [x2 e'x y'z' + 2kx2iex2y-]dx. 2 We abbreviate the space name by He.
6.2. Definition. We denote by 2ke those elements y in Hel which satisfy t following.
(a) y is absolutely continuous on all closed subintervals of (0, 00).
(b) x24e-xy' is absolutely continuous on all close subintervals of (0, 0 (c) Iky exists a.e. and is in He. The odd problem. We add a positive constant k > 3 to the operator m, mk = m + k, so that 0 is not in the spectrum of ik, and so that the Sobolev norm we are about to define will be a genuine. We must assume that ,u > -1/2, instead of the value -3/2 assumed earlier, so that the Hermite polynomials Integrating the first term on the right by parts gives -1(x 2jue-x2y') + -j [x2Ye-x2y/Y + (2jsx2/"-2 + 2kx21,)e-x2yz]dx
We use the integral to define a new inner product and Hilbert (Sobolev) space. We show that the first, integrated terms vanish at 0 and ox, provided Mky and z lie in the new space and y satisfies the boundary condition at 0.
A. M. KRALL 6.6. Definition. We denote by HI (0, x; 2 kuex2 , 2(ux22+kx2iu)e-X2) the complete inner product space generated by the inner product (y, Z)H1 = -j [x2#e-x2y /1 + (2u x28-2 + 2kx2#)eX2 yz]dx.
We abbreviate the space name by Ho' .
6.7. Definition. We denote by 2kO those elements y in Ho' which satisf following.
(b) x2#eX2 y' is absolutely continuous on all closed subintervals of ( (c) Mky exists a.e. and is in Ho' .
(d) limxo x2ye-x2(x _ y) = 0
We define the operator Ak by setting JkY = Mky for all y in 2rkO. A slight renorming of the Hermite polynomials {H(1 (x)}n=0 is needed, but the results are the same.
LEFT-DEFINITE SHIFTED SPACES
It is in some ways not surprising that there is a left-definite theory for the Hermite operators 1 and m when ,u < -1/2. However, if the details are examined it becomes clear that the possibility has no guarantee. The problem, of course, is that under most transformations the left-definite norm is no longer a norm of the same kind. Luckily it is preserved in the Hermite cases. The limit of x2v-1e-x I then x2ve-x2 ki /x . Thus implies that t00 J2v -x2jyj2d Jx2 ex2YIdx = 00, again a contradiction.
7.2. Definition. We denote by Dke those elements y in Hel Du < 2, which satisfy the following.
(a) y is absolutely continuous on all closed subintervals of (O, xc).
(b) x2Ie _ y' is absolutely continuous on all closed intervals of (0, x)).
(c) lky exists a.e. and is in He', u < 1/2. 7.6. Definition. We denote by j2kO those elements y in Ho, ,u < I2, w satisfy the following.
(b) x21le_Xy' is absolutely continuous on all closed subintervals of (0, oo) .
(c) Mky exists a.e. and is in Ho1 < 1 If the shift is undone, this equals j(mky)ze-x2dx.
In the L2 setting this corresponds to J (M + k)yz x21e-x dx.
Assembling this together, we have
